We theoretically study the Berry curvature of the magnon induced by the hybridization with the acoustic phonons via the spin-orbit and dipolar interactions. We first discuss the magnon-phonon hybridization via the dipolar interaction, and show that the dispersions have gapless points in momentum space, some of which form a loop. Next, when both spin-orbit and dipolar interactions are considered, we show anisotropic texture of the Berry curvature and its divergence with and without gap-closing. Realistic evaluation of the consequent anomalous velocity is given for yttrium iron garnet.
We theoretically study the Berry curvature of the magnon induced by the hybridization with the acoustic phonons via the spin-orbit and dipolar interactions. We first discuss the magnon-phonon hybridization via the dipolar interaction, and show that the dispersions have gapless points in momentum space, some of which form a loop. Next, when both spin-orbit and dipolar interactions are considered, we show anisotropic texture of the Berry curvature and its divergence with and without gap-closing. Realistic evaluation of the consequent anomalous velocity is given for yttrium iron garnet. Introduction.-The intensive studies on anomalous Hall effect in ferromagnets have revealed several microscopic mechanisms [1] . Particularly, the intrinsic mechanism is neatly described by Berry phase/curvature [2] . The wave-packet formalism offers an intuitive picture on this mechanism [3] . The Berry phase/curvature acts as the emergent vector potential/magnetic field due to the constraint of the Hilbert space [4] , and therefore it is also relevant to magnons, which obey Bose-Einstein statistics, as recent studies of the magnon Hall effect have shown [5] [6] [7] [8] .
Recently, the dynamics of magnons has been studied by the advanced optical spectroscopic method, in which propagating magnons have been observed [9, 10] . Since the magnon conveys information of the spin, it is important to investigate its dynamics. Creation, manipulations, and detection of magnons are called magnonics, and a variety of applications are expected in this emerging field [11] . Meanwhile, it is well known that the magnon interacts with phonons [12] , and therefore phonons play an important role in magnonics, e.g., the emergence of the bottleneck effect of the magnon condensation at the hybridization region of magnon-phonon dispersion [13] . In addition, it has been demonstrated that the coherent phonon excitation can create the magnons through their hybridization [14] . The excited quasiparticle has a finite width in both position and momentum spaces in general, and therefore, the motion of the wavepacket is relevant in the magnon-phonon hybrid systems.
In this paper, we theoretically study the coupling between magnons and acoustic phonons through the dipoledipole interaction (DDI) in a simple model without sublattice structure, and their influence on the wavepacket dynamics of the magnon is investigated. Historically, the magnon-phonon interaction by the magnetoelasticity, i.e., the spin-orbit interaction (SOI), has been studied for a long time [12, [15] [16] [17] [18] [19] . We find that the magnon-phonon hybridization by the DDI induces the anti-crossing as with the SOI and hence the Berry curvature, i.e., anomalous velocity, of the magnon-phonon hybrid. Note that the phonon-magnon interaction is ubiquitous even for a simple ferromagnets without SOI or the sublattice structures, due to the presence of the DDI. We calculate the Berry curvature for the longitudinal acoustic (LA) and transverse acoustic (TA) modes, respectively, and find the high anisotropy. In the case of the LA mode, the divergence of the Berry curvature occurs at which the hybridization disappears, and some of these points form a loop. For the TA modes, despite of the absence of gapless points, the divergence of the Berry curvature occurs. We also find the rapid sign changes of the Berry curvature in the anti-crossing region. Finally, we give a scheme for observing the Hall current of the magnon.
The spin Hamiltonian of a ferromagnet is
, and N is the number of sites in the volume V . The eigenvalue is
Due to the external magnetic field h, there is a finite gap E mk=0 .
The dispersion of the phonon is E pλk = c pλ k, where λ specifies λ = t 1,2 for TA and λ = ℓ for LA, and c pλ is the velocity. Due to E mk=0 = 0, crossings of the dispersions of the magnon and phonon occur, and the hybridization is induced. In Fig. 1(a) , we show the contours k s λ determined by E mk s λ = E pλk s λ in momentum surface space. We employ h = 4 × 4πM s , N z = 0 by assuming the system to be spherical, and the following parameters appropriate for yttrium iron garnet (YIG) : 4πM s =0.1750T, a = 12.38Å, the density is 5.17g/cm 3 , and the velocity of the phonons are c pℓ = 7.209×10 5 cm/s, c pt = 3.843 × 10 5 cm/s ( c pt = c pt1 = c pt2 ). Interaction between magnons and phonons.-Generally, the exchange coupling J ij depends on the displacement of the atoms, i.e., phonon; namely the exchange striction gives the most ubiquitous magnon-phonon interaction. However, this interaction does not lead to the linear terms in the magnon coordinates, since it preserves the rotational symmetry in the spin space. The SOI [12, 15] is one of the candidates for breaking the symmetry, and here we also obtain such an interaction by the DDI. The magnon-phonon coupling through the DDI is given from the Hamiltonian (1) as
where r ± lm = x lm ± iy lm . Expanding r lm with respect to the phonon coordinates, we obtain
where ξ λk is the polarization vector of the phonon and
is the bosonic annihilation (creation) operator of the phonon. By replacing k with the dimensionless vector as ak → k, the coupling constant is given as g dλ = (πµM s /2) S/aM p c pλ , where M p is the mass of the atom. The functions in Eq. (5) are given as
. By these functions, one can find that hybridization vanishes for k z = 0 independent of ξ λk . Consequently, the anti-crossing does not occur there, and the gapless points form a loop on the k z = 0 plane. In real systems, we should take into account both the SOI and DDI for the interaction Hamiltonian as
with R λk = P λk + Q λk , where P λk is the contribution from the SOI [12] given as
The coupling constant is given by the strength of the SOI b 2λ as g 2λ = (b 2λ /2) /SaM p c pλ . In YIG, the ratios of the two coupling constants are given as g 2ℓ g dℓ = 57.3 and g2t g dt = 114.6, and therefore the SOI is dominant in the interaction process. We note that the coupling from the DDI is universally determined only by the magnitude of the magnetic moment and the lattice displacement, while the strength of the SOI b 2λ depends on the electronic structure of each material. For the LA phonon, the gapless points remain when the two interactions are present. In Fig. 1(b) , those gapless points are shown on the anti-crossing surface ( Fig. 1(a) ). In contrast, for the TA modes, the gapless loop on k z = 0 disappears due to the SOI, since the hybridization for the z-polarization does not vanish, F zk = 0 for k z = 0.
We construct an effective model for focusing on the anti-crossing region, where we can neglect the product of two annihilation/creation operators of the magnon and phonon. Since the gap energy is tiny, we can treat each anti-crossing separately. The effective Hamiltonians for the LA and TA modes are
For eigenstates with the LA mode |ψ ± ℓk , the eigenvalues are ε
± η ℓk . The suffix +(−) corresponds the upper (lower) branch, and η ℓk = η λ=ℓk with η λk = δE 2 λk + |R λk | 2 and δE λk = E mk −E λk 2 . For the TA eigenstates |ψ t0 , |ψ t± , the eigenvalues are ε t0k = E ptk and ε
In the following discussion, the Berry curvature is calculated by the polarization vectors given as
Texture of the Berry curvature.-By the effective Hamiltonians (7), we discuss the Berry curvature Ω ± λ induced by the hybridization. By the definition,
where
shows the in-plane Berry curvature, and Ω λp and Ω ± λz are functions of (k, k z ). We note that |ψ t0 has no Berry curvature for the TA mode, since it does not have the magnon component. The hybridization R λ is much smaller than the dispersions of the magnon and phonons. Therefore, the Berry curvature is enhanced only near the anti-crossing points satisfying δE λk=k s λ = 0, which describes a surface in momentum space k s λ (Fig. 1) , and there, the Berry curvature has the form
We show the Berry curvature of the upper states |ψ 
Next, we analyze the Berry curvature in the vicinity of the gapless points which are referred to as the Weyl points in fermionic systems [22] . For the LA mode, the Berry curvature diverges on the k z and k x axes (θ k = 0, π 2 , π) where the energy difference δE ℓk and the hybridization R ℓk simultaneously vanish, i.e., δE ℓ = R ℓ = 0. We calculate the Berry curvature in the vicinity of those singular points and find that they are highly anisotropic as described below, unlike typical singular points such as Weyl nodes of electronic systems [22] . Both δE ℓ and R ℓ vanish simultaneously at [23] 
, and ∀ φ k ∈ [0, 2π]. The gapless points given by k L (φ k ) form a loop on the plane k z = 0 ( Fig. 1(b) ). Close to ±k D , the effective Hamiltonian further reduces to the Weyl Hamiltonian with opposite Weyl charges [22] on +k D and −k D . For k ∼ +k D , the Berry curvature has the form where
c pℓ δkz , and (δk, δk z ) is the infinitesimal wavevector from the singular points. The Berry curvature is given by (Ω ℓp , Ω ℓ ), the direction of the Berry curvature is almost perpendicular to the z-direction, because the hybridization is much smaller than the energy scale of the phonon,
, and
2gLδkz . Due to c pℓ ≫ g L , the direction of the Berry curvature vector is along the z axis, similar to the previous case. Therefore, the two singular points are different in the behaviors of the divergence.
For the case of the TA mode, there are neither Weyl nodes nor singular loops, except for special cases of g 2t = 0 or g 2t = −2g dt . Nonetheless, the divergence occurs for Ω tp on the k z axis as shown in Figs. 2(a2,  b2) . Close tok = 0, it is described by Eq. (9) as
converging onk = 0. Then, Ω tp is on the order of δk −1 .
Meanwhile, Ω ± tz does not diverges atk = 0 (Fig. 2(a1,  b1) ), and the Berry curvature is distributed almost in the radial direction perpendicular to the k z axis. This divergence of the Berry curvature is unconventional since the gap remains open and is attributed to the singular DDI along the k z axis.
Observation and magnon current control.-We give an observation scheme of the Hall effect of the quasiparticle consisting of the magnon and phonons. When the applied magnetic field h along the z-direction has a spatially weak gradient, the magnon feels the force F = −µ∇h(r), and the anomalous velocity v ± Aλ = F ×Ω ± λ is induced [3] . The impulsive Brillouin scattering can excite the phonons and magnons through hybridization with momentum resolution [9, 17, 24] , for example. In actual experiment, the phonon is excited as a wavepacket with a finite distribution corresponding to the momentum resolution, and the Hall current emerges as the integral of Berry curvature. We consider the case where the wavepacket has the width w in momentum space and the center of the momentum is near the anti-crossing point: k (9) is concentrated in the momentum region of the width
For w < w λ , we can observe large anomalous velocities corresponding to the distribution of the Berry curvature along the anti-crossing region. For w ≫ w λ , the excitation involves states on the upper and lower branches of the anti-crossing. In this case, the two excited waves have opposite directions of the anomalous velocity, and then they will be observed by detectors spatially far from the excitation point.
For the strong SOI g 2λ > g dλ , in the strong magnetic field m h > 1, the following approximation is valid:
. By the approximation, we obtain the group velocity of the magnon |v mλ | = 4πMs h c pλ | cos θ k | sin θ k which depends on θ k due to the DDI; |v mλ | vanishes atk = 0 or k z = 0. Therefore, to obtain the large Hall angle, small values ofk s are favorable, and due to c pℓ > c pt , the magnon interacting with the TA phonon is are favorable for the observation of the Hall current. Fork 
